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"Among vibrating bodies there
are none that occupy a more
prominent position than
Stretched Strings"

Lord J.W.S. Rayleigh

Introduction

Harmonics and Uniformity

Figure 1: Depiction of slip-stick motion taken
from [RH14]. Across the entire picture, the two
solid lines held at the end of the dotted-line oval
represent the string and the dotted-line oval it-
self shows the path that the point of the wave will
travel upon. The left half of the picture shows the
propagation of the triangular Helmholtz wave in
the relation to the movement of the bow (the rect-
angle on the left with the upward-pointing arrow).
The right half shows the velocity of different por-
tions of the string as the wave propagates.

In the field of acoustical physics, the playing
of a string is a complicated phenomenon in-
volving the interaction of waves on the string
with the player. Plucking and bowing are two
of the methods by which a string can produce
sound. More broadly, plucking can be classi-
fied as a free oscillation whereas bowing can be
classified as a forced oscillation. The system
of bowing is best described by the slip-stick
model [RH14]. As the player drags the bow
across the string, the string is pulled by the
force of friction created by the horse hair of the
bow until the internal, restorative tension of
the string, which increases as the displacement
of the string increases, overpowers the constant
force of friction. After the sticking phase is
over, the string enters the slipping phase during
which the string falls back towards equilibrium
and in doing so, creates a wave which is trans-
mitted across the string. When the wave hits
the nut, it reflects and travels back with the
same amplitude and speed but opposite polar-
ity. When the wave reaches the location of the
bow, it does not make contact as it is on the
opposite side of the string from the bow. How-
ever, after the wave reflects off the bridge and
regains its original polarity, it travels back to
the bow and is picked up by the bow, begin-
ning again the cycle of sticking and slipping.
This model is well-understood and thoroughly
documented [RH14] and can be seen in Figure
1.

For both of the above methods of producing sound, we studied their impact on strings of uniform
and non-uniform mass density.1 Acoustic theory tells us that a string with a uniform mass density
will produce a fundamental tone and harmonic overtones when plucked or when bowed. It also
tells us that a string with a non-uniform mass density that is plucked will produce a fundamental
tone but overtones that are not harmonic. This result in particular has been thoroughly examined
in the past by Dr. Elliott and other researchers at the University of Puget Sound [RJ16]. Finally,

1To clarify, a string of non-uniform mass density is one that does not have constant mass density λm. This
can be a linear increase in mass density as position is increased, an instantaneous change in mass density, or more
complex λm functions like cosine, both non-linear and periodic. Although the cosinusoidal λm has an constant
average density, the density gradually increases and decreases like a cosine function as one traverses the length of
the string.
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a non-uniform string that is bowed will produce the fundamental and its harmonic overtones. This
phenomenon, known as a mode-locking, is a result of the feedback of the waves on the string and
the bow as they slip and stick together. Mode locking makes the bowing of non-uniform strings
harmonic, even though past experimenters [RJ16] hypothesized that this action would produce
non-harmonic overtones.

Observing that mode locking made the bowing of the tested non-uniform string harmonic made
us wonder under what conditions would mode locking still be encountered and maintain the har-
monic nature of the bowing system. Or, phrased differently, how non-uniform could we make a
string and still experience mode-locking? To explore this question, we tested two variations of a
non-uniform string, abrupt and cosinusoidal, with two different continuous-playing mechanisms, a
bowing system and a continuous wheel.

After a discussion of the relevant foundational work from other physicists in this field, this paper
will move onto a description our experimentation apparatus, research practices, and results for
each string and each playing method. Following this will be an analysis of how non-uniformity
affects the partials of a string and changes the shape of Schelleng curves. Looking forward, the end
of this paper will suggest possible avenues down which future researchers can extend this research.

History of the Physics of the Bowed String

Hermann von Helmholtz, a German physicist working in the second half of the 19th century,
made contributions to a large number of fields from philosophy to thermodynamics, including
fundamental work that allowed physicists to analyze resonating bodies in much greater detail than
ever before. In his foundational text On the Sensations of Tone, Helmholtz describes his analysis
of tones by means of sympathetic resonance and the Helmholtz resonator, an invention of his own
design . As described by Helmholtz himself, "If we stop one ear and apply a resonator to the
other, most of the tones produced in the surrounding air will be considerably damped; but if the
proper tone of the resonator is sounded, it brays into the ear most powerfully"[vH77]. Armed
with the power of the resonators, a physicist could now amplify the subtler tones (partials) of a
sound-producing body (like a string), leading to a more thorough method of harmonic analysis for
complex sounds.

The next body of principal work in the field of acoustic physics came from Lord J.W.S. Rayleigh,
an English physicist from the turn of the 20th century who studied, among many other things,
transverse vibrations of strings and developed the notion of acoustical conductivity. One of the
most important results from his largest work, The Theory of Sound, was the development of an,
"approximation to the lowest frequency of vibration of a complicated system in which the direct
solution of the differential equations is impracticable" [Ray94]. This procedure later became known
as the Rayleigh-Ritz method after further development by Walter Ritz and has been used to solve
many vibrational problems, especially those concerning non-uniform strings, as well as problems
in mechanical engineering and quantum mechanics.

Sir C. V. Raman, an Indian physicist who worked during the first half of the 20th century, began
the study of bowing systems in terms of the relationships he observed between bowing pressure,
position, and velocity. His paper "Experiments with mechanically-played violins" established the
motivation for and description of a mechanical player to incite Helmholtzian-type waves on a
string. It also provides the graphical groundwork for the establishment of the Schelleng diagram
but provides scarcely any mathematical description of the above-mentioned relationships.

To describe the relationship between sound quality, bow pressure, and the distance of bowing from
the bridge of the instrument, John C. Schelleng created the Schelleng diagram in 1973 which clas-
sified sound produced by his violin into one of three groups: raucous, multiple slipping, or normal
(also known as Helmholtz). As seen in Figure 2, any given combination of bowing position and
force applied on a Schelleng diagram outputs a type of sound. The area of the graph between
the minimum and maximum force lines is the set of points that produce a normal sound, while
those above the maximum force line produce raucous sound and those below the minimum force
line produce a weak sound. This is caused by the bow slipping too much and not holding the
string long enough to produce a wave with a large enough amplitude. Most Schelleng diagrams,
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Figure 2: A sample Schelleng Diagram

including the figure above, are displayed on a logarithmic scale. This means that the minimum and
maximum bow force curves, which are power law functions, appear as linear functions and thus
the numerical value of the exponent appears as the slope of the line, making it easier to determine
the relative values of the exponents.
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Research

Motivation and Initial Goals

Figure 3: Graph from [RJ16]
showing how the fundamental
moves farther from its orig-
inal value as the mass den-
sity of the string is made less
uniform. The x-axis mea-
sures the non-uniformity of
the string by altering only the
second Fourier coefficient, b2,
and the y-axis measures the
frequency of the partials. No-
tice how only the frequency of
the fundamental shifts as |b2|
is increased.

Over the past few years, Dr. Elliott has researched how the mass-
density profile of a string influences the overtones of the string.
He studied strings of cosinusoidal mass density and varied the am-
plitude of the cosine density function to be determined. Figure
3 shows the frequency values of the eight lowest overtones of the
string on the vertical axis versus the second Fourier coefficient, b2,
one measure of non-uniformity, on the horizontal axis. Seven out of
the eight overtones shown maintain their frequency values despite
the change in mass density. However, the fundamental frequency
drifts away from its original value (root M7 at b2 = 0). Hence, the
greater the amplitude of the cosine density function, the greater the
shift of the fundamental tone from its standard (and harmonic) fre-
quency. Dr. Elliott emerged with the conclusion that "[v]ariations
arising from a single Fourier component predominantly shift the
relative frequency of a single mode, with the (2n)th Fourier com-
ponent shifting the frequency of the nth mode" [RJ16].

Combining the fundamental ideas of Dr. Elliott’s past research
with our interest in the phenomenon of mode locking, we decided
to investigate the non-uniformity of strings with respect to the
factors of study of Schelleng theory. To frame our research, we
constructed the following goals:

• Construct an apparatus for playing and measuring the be-
havior of strings

• Map Schelleng diagrams for various non-uniform strings

• Look for a mathematical model to describe how the mass
density function of a string alters the shape of its Schelleng
curve

We desired to be able to determine how the Schelleng diagram for
non-uniform strings that we studied would change with respect to
both the Schelleng diagram of a uniform string and each other.

The Bow and the Hurdy-Gurdy Wheel

Given the extent of what we knew regarding the plucking of strings
(free oscillations), we next had to decide which method would be
used to drive forced oscillations on the strings. Bowing seemed
an obvious choice given that it had been used in nearly all past
experiments of this variety in the field of acoustics. However, the construction of an extremely
accurate bowing apparatus, computerized or otherwise, would consume too much time in our short
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research window. Thus, we searched for other options for inciting forced oscillations on a string
and came upon the Hurdy-Gurdy wheel.

(a) The instrument known as the
Hurdy-Gurdy. Picture from tes.com

(b) The Hurdy-Gurdy wheel we built
and used in our tests.

Figure 4: Two versions of the Hurdy-Gurdy.

In European folk music, particularly in Catalan and Hungarian traditions, the Hurdy-Gurdy is
a popular string instrument that produces sound when the player rotates a fixed, rosined wheel
against a set of strings. A keyboard on the instrument allows the player to change the pitch of
individual strings with small wooden pegs controlled by keys that push on strings at various points.
Compared with the back-and-forth motion of a violin bow, the stability provided by the constant,
continuous motion of the Hurdy-Gurdy wheel prompted us to build and utilize the Hurdy-Gurdy
wheel in some of our experiments. We were also attracted to the Hurdy-Gurdy wheel because of
its simplicity, opting not to enter into the time-consuming process of building and verifying the
accuracy of a computerized bowing machine. By attaching the Hurdy-Gurdy wheel to a variable-
speed motor via a belt, we were able to easily control the speed of rotation and simulate a bow
of infinite length, eliminating the need to jerk the bow back and disrupt the sound when the end
of the horsehair is reached. To control the amount of force applied, we secured the Hurdy-Gurdy
wheel to the end of a lever arm and installed a threaded load cell on top of the lever arm so that
we could use a screw to precisely control the position of the wheel and precisely measure the force
applied at that spot.

Data

To begin, the following is a description of how strings were constructed in our lab.

• Place a thin wire filament, 60cm in length, between a hook and an adjustable peg

• Tighten the peg until the filament is tuned to the next highest B

• Secure the end of a spool of wire to the non-peg end of the string

• Adjust our computer program, written by UPS graduate Ethan Russell, to the specifications
we desire

• Run the wrapping program and clip the wire spool after 60cm of winding

Before beginning the testing of non-uniform strings, we first verified the accuracy and reproducibil-
ity of data gathered on uniform strings with our Hurdy-Gurdy wheel. Returning to the Schelleng
diagram in Figure 2, the minimum and maximum force curves are used to categorize the three
regions of sound. Our experiments dealt primarily with the minimum force curve, which separates
the region of good sound from the region of excessive slipping, i.e. where the player is not applying
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enough pressure to get the bow to stick to the string. The theory developed by John Schelleng
predicts that for a uniform string, the minimum force curve will go as β−2, where β is the fractional
distance along the bridge [Sch73]. To verify that our setup produced accurate results, we mapped
out the minimum force curve for a uniform string, seen in Figure 5. The function we found went
as β−1.17. Initially, this confused us but as we continued to test uniform strings with the wheel ap-
paratus, the results came out with some variation but laid close to our initial value when averaged
together, leading us to believe that our Hurdy-Gurdy wheel was consistent but somewhat inaccu-
rate. To reinforce this collective accuracy, we took between 15 and 18 data sets for each string and
averaged the results together. Although we did not have the proper exponent for β (-1.17 instead
of -2), we were more concerned with the relative values of β being consistent rather than having
values that conformed exactly to Schelling’s model since our bowing system was not the exact same.

Figure 5: Graph showing the minimum force Schelleng curve for a uniform string. The slope of
the line on this logarithmic graph, which is the same as the value of the exponent in the function,
is -1.17.

Once we had verified the consistency of the Hurdy-Gurdy wheel, we began testing non-uniform
strings to see how their Schelleng diagrams differed from that of the uniform string. Jumping
off from Dr. Elliott’s past work, we started with strings of cosinusoidal mass density. The mass
density function for these strings followed the general shape of λm(x) = λ0 + b2 ∗ cos(x/60cm),
where λm is the mass density, λ0 is the base mass density, and b2 is the measure of amplitude
variation. The tested range was approximately 8 cm wide, centered roughly at the first density
maxima of each respective string. As seen in Figure 6, we mapped minimum force curves for
three different variations of the cosine mass density function, equal in amplitude but varying the
number of periods: two, three, or four. These specific number of periods were chosen to allow us
to incorporate the right amount of mass variation within our testing range: enough variation to
see change but not so much that the trend would be unclear. These choices were influenced by
the constraining width of the Hurdy-Gurdy wheel (about 1 cm) and the fall-off of measurement
accuracy as β reaches values of .2 and beyond.

Compared to the power law shape of the minimum and maximum force seen with uniform strings,
these consinusoidally-varying strings show a localized increase in minimum force, which we labeled
a "force spike". As the number of periods increases, the force spike moves to a lower β value, from
β ≈ .15 for 2 periods down to β ≈ .1 for 4 periods. Observing the behavior of the cosine strings
within the tested window, it became apparent that the location force spike coincided with the local
mass density maximum. While we are unsure exactly why this happens, we hypothesize that areas
of the string with higher mass density require a greater minimum force to produce normal sound.

The problem experienced with this data set was the unknown behavior of points outside of the
tested range. The changes observed in the curve shape and function type as the frequency of λm
increased led us to believe that the Schelleng diagrams were not as similar as we hypothesized they
would be. While we got a good sense of the shape of the Schelleng curve within the tested range,
it is not clear how the curves behave as β increases beyond .2. It could act like a cosine function
as seen in the 2 period graph, it could trend towards a negative exponential function as in the 4
period graph, or it could be some combination of these. As β increases, the value of b2 significantly
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Figure 6: Minimum force curves for three strings with cosinusoidal mass density functions. The
first graph below displays the Schelleng diagram for the cosinusoidal string with two periods over
its entire length on a non-logarithmic scale. The second and third graphs show cosinusoidal strings
with three and four periods, respectively. As the number of cosine periods increases among these
strings, the spike in the force measurement moves closer to the bridge.

diminishes in its effect on the minimum force since increasing distance from the bridge results in
less required force for any string. Thus, even if the mass density function contributes to a change
in minimum force, its effect will be less noticeable due to the overall reduction in minimum force.

The next set of strings we experimented with was those with discontinuous mass density. We had
already studied the behavior of strings with continuously changing mass density and wanted next
to see the behavior of strings with a significant, instantaneous change in mass density. One of these
strings transitioned from a high-density region to a low-density region and the other string made the
opposite transition. The high-density region had about triple the mass density of the low-density
region. The minimum force curves for these strings are seen in Figure 7. Instead of the power law
shape of the uniform string or even force-spiked power laws of the consinusoidally-varying strings,
here we see force plateaus connected by force drop-offs. The most apparent contrast between these
two graphs is the difference in size between the force drop-offs. For the High to Low string, the
drop-off is ≈ .55 or 40% of maximum force, whereas for the Low to High string, the drop-off is
≈ .2 or 23% of maximum force.

We think this behavior may have something to do with the behavior of wave pulses encounter-
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Figure 7: Selected portions of the minimum force curves for two strings with discontinuous mass
density. The graph on the left begins with uniform high density and immediately transitions to
uniform low density for the rest of its length after the discontinuity located at β = .11. The graph
on the right begins with uniform low density and immediately transitions to uniform high density
for the rest of its length after the discontinuity located at β = .1.

ing impedance discontinuities. When a propagating wave encounters a medium with lower mass
density, most of the energy is transmitted as a wave with reduced amplitude and the rest of the
energy is converted into a reflected wave. When a propagating wave encounters a medium with
higher mass density, the energy splits similar to the previous case except the reflected wave has
opposite sign, meaning that it travels on the opposite side of the string. Applying these ideas to
a bowing system, we hypothesize that the amplitude of the subsequent propagating wave could
be influenced by the encounter with the reflected wave from the impedance discontinuity. The
opposite sign of the reflected wave for the Low to High density effectively reduces the amplitude
of the incoming wave by the superposition principle when they coincide. Although we have not
confirmed this reasoning to be true, Occam’s razor would have us believe it to be the best available
explanation.

Figure 8: A diagram showing the behavior of wave pulses encountering impedance discontinuities.
For high to low density, the reflected wave and transmitted do not change sides. However, for low
to high density, the reflected wave is on the opposite side.

The Bow and The Force Window

The Hurdy-Gurdy wheel had its benefits and its shortcomings, the main problem being that it
didn’t produce a simple, single Helmholtz wave as is produced by a bow. This was determined
by examining the shape of the transverse displacement of the string at different points along the
bow, using a pick-up coil monitored on an oscilloscope. A bow produces a clean triangular shape,
with the triangle shape varying smoothly as one progresses down the bow as seen in Figure 1. The
Hurdy-Gurdy wheel produced a superposition of many triangle shapes that varied incoherently
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in time, which we interpret as a superposition of many Helmholtz waves produced by the wheel.
Thus, we deemed it not a perfect substitute for a bow and decided to construct a means to test
strings with a bow instead. To measure the force, we attached a load cell to the frog of a bow and
bowed the string by hand. Slowly, we would increase the force we applied until either the clean,
Helmholtz sound emerged (minimum force) or the sound transitioned from clean to raucous, using
our ears to determine the transition points. Then, we implemented lever calculations to determine
force applied to the string while bowing by hand. Due to the nature of applying force by hand and
cataloging sound progression by ear, this system of measurement is not as accurate as others but
still provided quality measurements in the short amount of time we had left to use this method.

One way to analyze the changes between Schelleng diagrams for different strings is by examining
the size of the "force window" of each string. Force window is a term we coined to describe
the space between the minimum and maximum bow force curves; this space is the region of the
Schelleng diagram that corresponds to pleasing (Helmholtz) sound. Figure 9 shows the minimum
and maximum bow force curves for a uniform string (b = 0) and three non-uniform, cosinusoidal
strings (b2 = .2, .3, .4)2. The minimum force curves for each string have been grouped together
in yellow and given a single regression line considering their unmistakable similarity. The top
blue line is the maximum force curve for the uniform string and the blue lines below it are the
minimum force curves for the non-uniform strings. As the value of b2 is increased (the string
becomes more non-uniform), the maximum force curve drops down and thus, we can say the size
of the force window decreases since the minimum force curve does not change location. Note that
as b2 increases and the size of the force window decreases, the error bars become larger and it
becomes more difficult to determine the location of points on the Schelleng diagram.

Figure 9: Notice that these strings are shown on a logarithmic scale, distorting their appearance
from Figure 6.

This trend is illustrated in a another way in Figure 10. To achieve this picture, the size of the
force window for the uniform string was normalized to one and the other three force windows were
scaled accordingly. The excellent linear fit of these points is very encouraging, was not seen when
studying strings with the Hurdy-Gurdy wheel, and is the best result seen throughout the course
of this research.

2To reiterate a subtle definition that was made previously, b2 is the second Fourier coefficient of the mass density
function for the string and is the only coefficient being altered. Effectively, it is a measure of the amplitude of
variation of the cosine mass density function
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Figure 10: Trend line showing the linear decrease in the size of the force window as b2 increases.
The slope of this line is approximately -1.5.

11



Conclusion

Past study of strings with cosinusoidal mass density and the observed phenomenon of mode locking
motivated this thesis research. To determine the range of conditions over which mode locking took
effect, the researchers mapped non-uniform strings with the Schelleng diagram, a graph which
relates bowing location, bowing pressure, and sound quality. To avoid the costly and extensive
process of building a computerized bowing machine, the researchers first excited waves on strings
using a wheel, modeled after the Hurdy-Gurdy, instead of a bow. However, later data revealed
that the Hurdy-Gurdy wheel did not produce the same wave pattern as a bow, and thus could not
be considered a true representation of a bow.

Accuracy tests for the Hurdy-Gurdy wheel on uniform strings resulted in a consistent but inaccurate
exponent for their minimum force curves. Testing three different strings with cosinusoidal mass
density revealed a "force spike" deviation from the standard decaying exponential function located
at the local density maximum of each string. Studies of strings with discontinuous but otherwise
constant mass density were each split into two "force plateaus". However, the difference in the size
of force drop-offs between the two strings was noteworthy.

The utilization of the Hurdy-Gurdy, although beneficial with regard to testing time and ease of
measurement, did not continue to be used for the remainder of the research. The researchers
constructed a rudimentary bow force-measurement system to model true bowing behavior. With
this new system, an examination of cosinusoidal strings with varying density amplitude exhibited a
decrease in the size of the force window as the measure of mass variation increased. This relation-
ship proved to be linear and, considering the quality of the line fit and the use of proper bowing
apparatus, should be considered the premier result of this body of research. Future researchers
should continue this last area of study and could examine how altering other Fourier coefficients
(or even studying the alteration of other non-uniform strings) affects the size of the force window.
It is a different understanding of the Schelleng diagram than the one this research started with
but is equally valid as a means to study Schelleng theory and the bowing behavior of strings with
non-uniform mass density.
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